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Q ■ Abstract. Euler discovered a formula for expressing the value of the Rie- 

• mann zeta function for all even positive integer arguments. A closed- form 

expression for the Riemann zeta function for all odd integer arguments, based 
C ~ 3 _ on the values of the Dirichlet beta function, euler numbers and w, reveals 

■ a new evidence about the self-recursive nature of Riemann zeta function at 

odd integers. We demonstrate for the first time that the Riemann zeta func- 
tion at odd integers always produces a recurrence relation that is self-recursive. 
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& ■ 1. Introduction 
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Nearly all number theorists have sought for a closed-form expression for £(2rt+l); 
n being a positive integer number. Our investigation into this open problem has 
uncovered a self-recursive function intrinsic in £(2n + 1). We develop and present 
a new method for deriving a closed-form expression for C(2n + 1) which is based 
on the values of the Dirichlet beta function at 2n + 1 and Euler numbers at In. 
■ This new method may be regarded as a general formula for finding a closed-form 

\f~\ ' self-recursive expression for ((2n + 1). 

Here we demonstrate how to obtain a closed-form expression for C(2n + 1) with 
examples on C(3)> C(5), COO) C(9), and C(H)- Each result produced is an exact 
£N| . representation, but the resultant expression is self-recursive. 



I. 1. Riemann zeta and Dirichlet beta functions. The Dirichlet beta function 
PQ is defined as 

°° f_-nfc-i i i i 

= | < L1 » «"-£^i±iF- 1 -5 + i:-7f + - 

II. 11 implies 

00 f—i)*;- 1 111 111 

d-2) ^)-E^ry-( 1 + ^ + ^ + ^ + ---)-2( 5I + ^ + TF + ...); 



k 
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The following equations are then obtained according to [5] 
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where the polygamma function tp( s ^ (x) is defined as 

(i.7) ^) (x) = ^^ x) = £ l]ll r( x ). 

2. Closed-form expressions for ((3) , C( 5 )> C(7), C(9), C(H) 

Equation [O)] may be used to find the closed-form expressions for £(3), ((5), C(7), 
C(9), and C(H). 

2.1. A closed-form expression for the Riemann zeta of 3. From fLBl we derive 

CO) ^ ^(3) - ^tl) ^"(j) - ^(3) - ^)|(2(1K 3 - 2(28) C (3)) 

(2-1) ^ C(3 ) = ^( 3 ) - l( 27 r 3 - 56C(3)) 

2.2. A closed-form expression for the Riemann zeta of 5. Similarly: 

9 5 9 1 //// 3 39 2 1 

C(5) - -s 0(5) — r^-^ (-) = —0(5) — -(8(5)tt 5 - 8(1488)C(5)) 

J 2 5 -l AW 2 5 (2 5 -l)T(5)^ V 32(31)4! v v ' v " 

32 2 1 

(2-2) -> C(5) = ^0(5) ^-^-(AOn 5 - 11904C(5)) 

2.3. A closed-form expression for the Riemann zeta of 7. 

o7 9 1 ^ 1 98 9 1 

C(7) = ^(7)-^^^^) = T ^/ 3 (5)-^ 7 - y ^(32(61)^-32(182880) C (7)) 

1 28 2 1 

(2.3) -> C(7) = ^(7) - ^(1952^ - 5852160 C (7)) 

2.4. A closed-form expression for the Riemann zeta of 9. 

o9 9 1 5 cio 2 1 

C(9) = -5 0(9) — ft— 5 r^rV> (8) (-) = —0(9) 7 r-r(128(1385)vr 9 - 128(41207040)C(9)) 

iU 2 9 -r W 2 9 (2 9 -l)r(9)^ V 5ir W 512(511) 8! V V ; V " 

(2.4) -> C(9) = |^/3(9) - 512( 2 5n) ^(177280^ 9 - 5274501120C(9)) 



2.5. A closed-form expression for the Riemann zeta of 11. 



2 n (2 n - 1) r(ii 

2048 2 1 

= 2(M7^ 11) -2lM8(^M (512(50521 ^ 11 - 512(14856307200) C (11)) 

(2.5) 



2048 2 1 

- C(H) = 20^/3(11) ~ ^7^) 7^(25866752." - 7606429286400 C (H)) 

3. The general (closed-form expression) formula for ((2s + 1) 

The results obtained in the previous sections indicate the following general for- 
mula for obtaining representing ((2s + 1): 



(3-1) 



2s+1 (2 2s - 1 \ E 2s \n 2s+1 - 2 2 *- 1 2(2 2s+1 - l)T(2s + l)C(2a + 1)) 

t-0(2s+1)-2± r^rr^ tt=tz '- 



C(2s+1) - (22s+1 _ 1} /3(2.s+l)- - 2 2 S+ i (22s +i _ 1)r(2s + !) 

; s is an integer. The modulus | E% s | is the absolute value of an even-indexed Euler 
number Ei s - The implication of 13. H is 

(3.2) 2 2s+1 (2 2s+1 )r(2s + l)0(2s + 1) = 2 2s | E 2s |tt 2s+1 
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as expected. Hence, 
(3.3) 



C(2s+1) 

(3.4) 
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4. Series representations of C(2s + 1) and /3(2s + 1) 
Combining 11.31 and 13.71 we deduce 



(4.1) 

and 
(4.2) 

because 
(4.3) 

We find 
(4.4) 
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(4.5) 
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:x. j \. ^ 
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_2(2 2s +! - l)r(2s + l) 
due to the following identities: 

2 2s+l 00 1 

(4.6) C(2s + 1) 



2 2, 



!s+l °° 1 °° 1 



(4.7) C ( 2s + 1) + -— __ 0(2* + 1) 



2 2s+l _ 


- 1 


2 2s+l 




2 2s+l _ 




2 2s+l 


(■ 



^ (4fc + 1) 2 S+1 ^(4*-l) 



2s+l • 
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2s+l _ x 2. 

k= 



^ (4k - l) 2s +! ' 
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5. Summary of results 
We confirm the following identities to be valid: 

(5.1)C(2,) = (-l)-(^'" 1,( ' ) + * <2 '"" <!)) ^ 1 



cot(irz) 



2 2s (2 2s - 1) 



T(2s) 



2 2s {2 2s - l)r(2s) 



(5.2) 
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(5.5) 

according to [2] and [3]. 
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1 
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6. Conclusion 



The following identities are derived: 



(6.1) C(2« + l) 



(6.2) C(2s + 1) 



2s+l _ I ' 
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from the general formula and relation 

{ \ 2s+1 J C(2.s + 1) = /3(2.s + 1) + [ - ^ 

where 



and 
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E 2s (™) 2s+1 



2(2 
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C(2s + l)i 



is the closed- form expression for C,(2n + 1) such that 



22s+l °° 
22s+l _ I 
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C(2s + l)z 
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